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Abstract

Let {A1,A2,...,An} be a set of on-line algorithms for a problem P with
input set I. We assume that P can be represented as a metrical task
system. FEach A;j has a competitive ratio aj with respect to the optimum
off-line algorithm, but only for a subsetof the possible inputs such that the
union of these subsets covers I. Given this setup, we construct a generic
deterministic on-line algorithm and a generic randomized on-line algorithm
for P that are competitive over all possible inputs. We show that their
competitive ratios are optimal up to constant factors. Our analysis proceeds
via an amusing card game.
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1 Intro duction

A commontrick of the trade in algorithm designis to combine seweral algorithms
using round robin execution. The basicidea s that, given a set of m algorithms
for a problem P, one can simulate them one at a time in round robin fashion
until the fastest of them solvesP on the giveninput. It is easily seenthat round
robin execution is optimal among deterministic conmbining algorithms that have
no speci ¢ knowledgeof the problem domain and input. (As an aside,we show in
the full versionof this paper that randomization helpsvery little in this conext;
for any randomized combining sdheme, and any > 0, there is an input set
of algorithms, sudh that the expected cost is greater than (m ) times the
minimum cost, versusm times the minimum cost for round robin execution.)
For on-line algorithms the situation is more complicated: We are given a

seebelow) for a problem P with input setl. Each algorithm A; has a known
competitiv e ratio a with respect to the optimum o -line algorithm, but only
for a subset of the possibleinputs, suc that the union of these subsetscovers
I. We assumethat P can be represened as a metrical task system (see [2]
for de nitions). Our goal is to construct an on-line algorithm for P that is
competitiv e over all possibleinputs.

Again, we are interestedin algorithms that have no speci ¢ knowledgeof the
problem domain and input. More precisely let ; bethe sequenceof requestsup
to time t. Let Ci( {) and ¢( () bethe con guration (respectively the cost) asso-
ciated to A;j serving ;. At time t, the con guration assaiated to the combining
algorithm must be one of the C;j( t)'s. The decisionto switch from C;( { 1) to
Ci( t) can be basedonly on the valuesci( o) for1 i mandO t® tand
on no other domain or input speci ¢ information.

If the algorithms A; and the conbining construction are deterministic, then
we call the newalgorithm on-line combine and denoteit MiNg. If the construction
usesrandom bits, we call the algorithm randomized on-line combine, denoted
RMINs. In this later casethe A;'s might be randomized as well.

Fiat et al. [3] addressedhe questionof on-line combine in a context restricted
to paging algorithms. Fiat, Rabani, and Ravid [5] consideredthe general case
and showed that constructing a MiNg algorithm for an arbitrary set of on-line
algorithms is equivalent to the layered graph traversal problem analyzedby Pa-
padimitriou and Yanakakis [6] and Baeza-Yates, Culberson, and Rawlins [1].
Using the results of these analyses,they obtained a miNg algorithm with com-
petitive ratio O(m max;fag), which is optimal up to a constart factor when
all the a;j's are equal, but not in general. In this paper we completely solve
the general case,when the a;'s are arbitrary. This immediately yields a better
competitiv e ratio for the k-serwer algorithm of [5].

In this paper, we show that the problem of combining on-line algorithms is



equivalent, up to a small constart factor, to nding the value of a very simple
two-player card game'. In this game, two identical dedks of cards are given to
two players. Simplifying slightly, the rst player (corresponding to the on-line
combining algorithm) placesa card face-davn on the table. The secondplayer
(the adversary) choosesa card from his hand, and turns it faceup on the table.
The rst player then exposesthe matching card, either from her hand, in which
caseno scoreis recorded, or by showing the card on the table, in which casethe
secondplayer wins the value of the card. The pair is removed from play, and the
players play another round with the reduceddeds, until both playersrun out of
cards. A few variations exist, all of which turn out to be equivalert in terms of
optimal strategy: the rst player can be required to pick the samecard to place
face down for ead round until it is matched by the secondplayer, or not; the
secondplayer can be required to arrange the order in which he will play cardsin

every round beforeplay commencespnecanevenrequire the rst player to select
a sthedule in advance for which card she will place face down next, except for
those cardsthat are matched beforetheir turn comes.It turns out that optimal

play for all thesevariants resultsin the sametotal or expectedscorefor the second
player. In the deterministic case,the total is clearly the value of all the cards,
since the secondplayer can inspect the rst player's strategy, and play cardsin

exactly the sameorder. The randomized casehasthe following amusing optimal

strategy for building a sthedule: let ead card have a probability proportional to

the inverseof its value, and choosea card using that distribution. That card is
the last card in the schedule. Repeat, with the chosencard excluded,to nd the
schedule in reverseorder.

Using this card game, we obtain the following results:

rithms for a metrical task system P with input set | . Assume that each Aj has
a competitive ratio a; with respect to the optimum off-line algorithm for a subset
of the possible inputs such that the union of these subsets covers | . Then there
exists a deterministic MINg algorithm with competitive ratio O(>.(%, &), and no
deterministic on-line algorithm can do better in general, except for a constant
factor.

The improvemert with respect to the previous boundsis relevant when the
average of the a;'s is substartially smaller than their maximum. In particular,
our MINg algorithm reducesthe competitiv e ratio of the k-server algorithm of [5]
by a factor of k!=2°(), (Seesection6.)

For the randomized casewe need rst to discussa function that will play an
important role in what follows. Let a;; ay;::: bea sequenceof positive numbers.

'Field experiments shaw that 5-year olds can easily play it...



For any setT of natural numberswe de ne f (T) by the recurrence
f(G)=0
1+ Sorf(Tnfig=a _ . @)
izt 178 ’ N

Let [m] stand for the setf1;2;:::;mg. Note that f ({[m]) is a symmetric rational
function of ap;:::;am. In particular

f(T) =

f (f1g) = ay;

aZ+ a2+ aja
{+as+ ajap,
a; + ap

but f (f1;2;3g) has19terms, f (f 1; 2; 3; 4g) has 390, and submissionsare limited
to 10 pages. Nevertheless,we can crudely bound f (T) by

f(f1;2g) =

HmrirzuTnai f(T) Hmrir;arxai; (2)

wherem = |Tj, and H, is the m'th harmonic number. Better but more complex
boundswill be preseried in Section 3.1.
Now we can state our result for randomized on-line conbine.

ized on-line algorithms for a metrical task system P with input set | . Assume
that each A has a competitive ratio & with respect to the optimum off-line al-
gorithm for a subset of the possible inputs such that the union of these subsets
covers | . Then there exists a randomized RMINs algorithm with competitive ratio
O(f (Im])), and no randomized on-line algorithm can do better in general, except
for a constant factor.

Plugging equation (2) into the theoremyields the weak upper bound O(log n
max; &) which was obtained in [4].

The remainder of the paper is as follows: in Section 2 we discussthe equiv-
alencebetweenon-line conmbine and layered graph traversal introducedin [5]; in
Section 3 we describe the card gamemore completely and analyzeit, discovering
that the value of the gameis the mysterious f (T) above; in sections4 and 5 we
use the game analysisto derive lower and upper bounds for the layered graph
traversal problem.

2 The layered graph traversal problem

This problem was intro duced and analyzedin [1] and [6].
A layered graph consistsexactly of m paths with a common rst vertex s,
called the source, but otherwise vertex disjoint. Thus, the graph can be divided
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into layers Lo = fsg;Lq;Lo;:::, such that layer i for i > 0 consistsof the m
verticesthat arei edgesaway from the sourceon ead path. Each edgee, hasa
certain non-negative length I(e).

An on-line layered graph traversal (LaT) algorithm starts at the sourceand
moves along the edgesof the graph. Each time it movesalong an edge(in any
direction), it pays a cost which is the length of the edge. Its goal is to read a
target which is a vertex in the last layer. The lengths of the edgesbetweenlayer
L; 1toL; arerevealedto the algorithm only whenavertexin L; 1 isreaded for
the rst time. (The lengths do not changeover time.) The target vertex becomes
known only when the algorithm readesa vertex in the next-to-last layer.

Obsene that any LaT algorithm must advanceone layer at a time either by
continuing on its current path, or by badtracking to the sourceand choosing a
di erent path.

The competitiv e ratio of the on-line traversal algorithm is the worst case
ratio betweenthe distance traveled by the on-line algorithm and the length of
the (unique) shortest path from the sourceto the target.

The optimal deterministic algorithm for this problem has competitiv e ratio
1+ 2m(1+ ﬁ)m 1 2em (see[6] and [1]). For randomized algorithms Fiat
et al. [4] shoved that the competitiv e ratio is (log m).

For our purposeswe needa slight generalization of this model. We assume
that eat path P; has a known assaiated waste factor aj. For ead edgee on
Pi, the o -line algorithm pays I(e)=g, while the on-line algorithm pays I(e) as

precedingmodel correspondsto a; = a; = = ap = 1.

Following [5] we shav now that constructing a MiNg algorithm is equivalent
to an algorithm for the modi ed LGT with the samecompetitiv e ratio.

First assumethat a (modi ed) LaT algorithm is given. To construct a MiNg
algorithm, we construct a layered graph which assaiates a path P; with eadh

When a requestis made, the MINg algorithm computesthe costsof the edges
to the next layer; the cost of the edgeon P; is the cost of serving the requestby
A, asif A; had beencortinually simulated from the beginning.

Then, the MiINg algorithm appliesthe LaT algorithm in order to decidehow to
sene the request. If the LaT algorithm cortinueswith the current path P;, then
MINg continuesto simulate the current algorithm, A;. On the other hand, if the
LaT algorithm badktracks and movesto a vertex v (in the next layer) via another
path, Pj, then the MiNg algorithm switchesto the con guration corresponding to
v, and A; becomeshe current algorithm. Sincewe assumedthat the underlying
problem is a metrical task system, the triangle inequality holds for the cost of
switching betweencon gurations; thus the cost of MiNg is bounded by the cost
of LaT. Clearly then, a competitiv e LGT algorithm yields a ming algorithm with



the samecompetitiv e ratio, or better.

Conversely one can easily use a MiNg algorithm to construct an LGT algo-
rithm with the samecompetitiv e ratio: Let the metrical task system P be the
layered graph traversal, where the states correspond to vertices in the graph,
with the transition cost betweenstates equalto the total distancein the graph.

factors. Clearly, the LGT algorithm that follows MINg in the obvious manner has
the samecompetitiv e ratio.

3 The Guess Game

In this sectionwe de ne and analyze a certain two player zero-sumgame, called
the Guess Game. Later we will use this analysis to derive upper and lower
boundsfor the layered graph traversal problem.

One participant is called the player and the other is called the adversary.

iisa > 0.

The game starts with the adversary putting all his cards face-davn on the
table in a certain order, that he will be unable to changeduring the game. Then
the player choosesone of his cards and puts it face-davn on the table. We call
this the hidden card. The adversary then turns up the rst of his cards and
the player has to match it. If the card matches the hidden card (a hit) then
the adversary wins the value of the card, the matched pair is discarded, and the
player must pick a new card facedown. If not (a miss), then the player matches
the adversary'scard with a card from his hand and the matched pair is discarded
without further ado? Hence,there are m rounds. The value of the gameis the
sum of the valuesof the cardsthat the adversary wins.

Obsene that the player pays a; if and only if he hides card i before he hides
any card that comesafter i in the adversary's order. In particular the player
always pays for the last card in the adversary's order.

Let's assumethat that the player selectshis algorithm rst, and that the ad-
versary is aware of the selectionmade. If the player's algorithm is deterministic,
then the adversary's best strategy is obvious: he choosesthe order of his guesses
to be the sameorder asthe hidden cards of the player and thus he wins at every
round. Hence,the value of the gameis exactly >7/2; a;.

In the randomized casethe situation is more complicated. The player can
choose his hidden cards according to distributions that might depend on the

2Note that cheating at this game requires sleight-of-hand skills not commonly found in 5-
year olds; if neither player can surreptitiously modify the cards on the table, no cheating can
occur.



history of the game. On the other hand, basic gametheory implies that, given
the probability distribution on the player strategies, there is a deterministic
strategy for the adversary, that is, a xed order of guessesthat maximizes his
pro t.

In order to analyze the value of the game we de ne two other models for
players. A strong player is a player which, after eat miss, is allowed to replace
the hidden card by a card which is still in his hand. This, of course,canonly help
the player and does not increasehis expected cost with respect to a standard
player. A weak player is onethat choosesthe order of his hidden cardsin advance
(using random bits) and is not allowed to changethis order later in the game.
More precisely the weak player choosesan order for his cards at the beginning
of the game and then, whene\er there is a hit, he replacesthe hidden card by
the lowest ordered card which has not beendiscardedyet. Clearly the expected
cost for a weak player is no lower than the expected cost for a standard player.

Let f (T) be de ned by equation (1). Our main result in this sectionis

Theorem 3 The value of the game with a set of cards T is at least T (T), even
against a strong player, and is at most f (T) even against a weak player. Thus
the game value is exactly T (T) for all three types of players.

Proof: We start with the lower bound and assumea strong player. Let g(T)
be the value of the game. We have to show that g(T) f(T) for any setT. We
useinduction on the sizeof T. If T = fig, then g(T) = a; = f(T) and we are
done. For the generalcase,let p; bethe probability that the player choosescard
j ashis rst hidden card. Now, if the adversary choosescard i to be his rst

guess,and then choosesthe best order for the remaining cards as if the game
started with T nfig, he can clearly guaraniee, even against a strong player, an
expected cost of at least pja; + g(T nfig). The adversary can choosethe i which
maximizesthis expression.That implies that for all i

o(T) pia + 9(T nfig),

or
g(T) 9o(T nfig)

a

But >, pi = 1, and therefore

g(T) o(T nfig)
e
or

1+ 35,79(T nfig)=a

om) 2zt 174

Thusg(T) f(T).



We now turn to the upper bound and assumea weak player. Again the proof
is by induction onthe sizeof T. The caseT = figistrivial. For the generalcase,
recall that a weak player hideshis cardsin a xed order. Assumethat the player
constructs his order asfollows: Among all cards he picks a card with probability
inversely proportional to its value. Let the card so chosenbe the last card in his
order. From the remaining cards he picks again a card with probability inversely
proportional to its value. Let it be the next-to-last card in his order. And so
on. (That is, if after k choicesthe set of remaining cardsis T andi 2 T, the
probability that i becomesthe m  k card in the order is (1=a))=3;,1 1=3 )3

Let h(T) bethe value of the gamewhen the adversary knows that the player
has chosenthis particular strategy. Let j be the card chosenby the adversary
to belast in his order. Let i be the last card of the player. Note that | is xed,
but i is a random variable.

If i = j, anevert whoseprobability is proportional to 1=g, then the player
hasto pay a; in the last round. Furthermore, the distribution usedby the
weak player with respect to the set of remaining cards (that is, T nfjg) is
exactly the sameasif he started the gamewith the setT nfjg. Hencein
this case,the player's expected costis at most a; + h(T nfjg) evenif the
adversary plays optimally on the remaining cards.

If i 6 j, the player will never have to pay a; and again his distribution on
the remaining cardsis exactly asif he started the gamewith T nfig, sohis
costis at most h(T nfjg).

This implies that

Yi2tnijgN(T nfig)=a
Yot 178

1=3 . .
h(T) m(aJ + h(T nfajg) +

or
1+ 31 h(T nfig)=4

227 178

h(T)

That is, h(T) f(T).
We concludethat h(T) = f(T) = g(T) and thus the value of the game s
exactly f (T) for all three typesof players. 2

3.1 Prop erties of f(T)

In this section we discusssomeof the interesting properties of f (T).
Let's return to the weak player's strategy as described in Theorem 3. Let
P(i;R) fori 2 R T bethe probability that the player choosescard i the last

3Note that this strategy is not the same as choosing the sequencefrom rst to last with
probabilities proportional to a;.



amongthe cardsin R (which meansthat, in the player's hiding order, card i will
be the rst amongthe cardsin R.) We claim that P (i; R) doesnot depend on
the valuesof the cardsin T nR. Indeed, call the cardsin R, red. We can think
that when the player builds his order, he rst decides,with suitable probability,
whether to pick a red card from the remaining cards, and if so, he then decides,
with suitable probability, which red card to pick. Clearly the order among the
red cards dependsonly on the values of the red cards.

Let 1; 2;:::; m bethe adversary's order. As we have already obsened,
the player pays a; if and only if he hides card i before he hides any card that
comesatfter i in the adversary's order. That implies that the probability that

But the proof of Theorem 3 implies that the weak player's strategy as de-
scribed is optimal, and therefore gametheoretical considerationsimply that the
order chosenby the adversary is irrelevant { the expected value of the gameis
the same. It follows that

m
fIm)=>a ,P(iif i; iv1::255 mQ) 3)
i
for any permutation ! In particular,

f([m]):iaip(i;fi;i+1;:::;mg): ()

of any direct proof that shows that (4) is a solution of (1).
Unfortunately, the alternate expressionis not computationally easier, since
P (i; R) doesnot seemto have a simple closedform. It can be computed with

the formula ) )
> j2rntig P(i Rnfjg)=g
>i2r 175

P(@i;R) = ®)

Similar considerationslead to

Theorem 4 Let T = [m]. Without loss of generality assume that a;  a
am. Then
Am+1 .
"

2 m
a; a
D L LI D
h | a.l + + a.| a.| + + am i=1

m
=1 i

m
=1

Proof: Omitted. 2



4 The lower bound

sary can construct a layered graph sud that the cost of the o -line (modi ed)
LaT algorithm is r while the cost of any on-line LaT is at least rv([m]), where

on-line LaT algorithm is deterministic (resp. randomized) then sois the player;
and the value of v([m]) changesaccordingly: v(Im]) = >_1" & in the deterministic
caseand v([m]) = f ([m]) in the randomized case.)

The graph consists of m paths and m + 1 layers. Each path starts with
an edgewith nite positive length, followed by a number of zero length edges,
followed by a (practically) in nite length edge,exceptfor the path to the target,
which doesnot contain the in nite edge. Path P; starts with an edgewith length
ra; and haswastefactor a;. Each path hasits in nite edgestarting on a di erent
layer, and for j = 1;:::;m 1, ewvery layer L; hasaninnite edgeout.

Thus, the on-line algorithm has no reasonto visit the samepath twice, and
wheneer it paid the rst edgeon the path, it can be presumedthat it will not
badtrack beforereading the in nite edge,or the target, sinceit costsnothing
to advanceand return on the zerolength edges.

Path P; correspondsto card i in the game. The on-line algorithm starting
path i correspondsto the player hiding card i. An in nite edgeon P; between
layer j andj + 1 correspondsto the adversary guessingcard i at round j in the
game. With thesecorrespondencesijt canbe easily veri ed (seethe examplebe-
low) that a (randomized) strategy for the LGT algorithm immediately translates
into a strategy for the (randomized) standard player in the Guessgame.

Given the player's strategy, the adversary starts by choosing an order on the
paths corresponding to his optimal order of guessesn the Guessgame. Let this

The target is on path |, at layer m.

Fori= 1;:::;m 1the path ; getsits in nite edgebetweenlayersi and

For instanceif the algorithm starts on path 3 then it paysra , but will not
pay the rst edgeson i1 and ,. This corresponds exactly to the player in the
Guessgamethat hides 3 at the rst turn, and hencepays a , but doesnot pay
a,ora,.

Clearly the cost of the LaT algorithm is at least r times greater than the
cost of the player. (\A t least" becausethe LaT algorithm also pays on the way
badk to source.) Hencewe concludethat the cost of the on-line LGT algorithm
is at least rv([m]) while the cost of the o -line algorithm is only r. (The path
to the target haslength ra,, and waste factor a,,.) This concludesthe proof of
the lower bound.



5 The upp er bound

In the full paper, we presen the complete proof of the theorem for arbitrary

deterministic. The randomized proof is quite similar, but it requires a lot of
summing and averaging, which obscuresthe essetial ideas.

We are given a layered graph traversal problem: the graph consists of m
paths Pq;:::; Py, with waste factors a;;:::;am. We showv how to construct an
LGT algorithm using a strategy for the Guessgame.

Let l;; be the distance from the sourceto layer j on path P;. Let s; =
min; l;j; =g, that is, s; is the minimum costthat the o -line algorithm must pay
to getto layerj. Let j ®be the minimum j suc that sj > 0. Let s = sjo.

We now partition the layersinto strata. All layers| such that

sk 1 g < 52

belongto stratum k. All layersj with j < j°belongto stratum O.

Considera layerj in stratum k. If l;; =g > s2K call path i blocked atj. Notice
that on ead layer there must be somepath which is not blocked. (If all the paths
have l;j =g > s2X then we just started a new stratum, and the \blo cked" notion
is rede ned.) For stratum O we call a path blocked if |;; =g > O.

Now we are ready to describe the on-line LaT algorithm. For stratum O,
the algorithm follows a 0-length path until it blocks, then switchesarbitrarily to
another O-length path, and so on, until all paths have strictly positive lengths
and stratum 1 starts. Notice that in general, once the algorithm has reaced
layerj 1,it cancomputes; at no cost.

Onceit getsto the rst layer of stratum k, the on-line algorithm getsto the
rst layer of the next non-empty stratum k° this way: it follows a path until
it blocks (with respect to stratum k), then it returns to the sourceand follows
another path not yet blocked, and so on, until it arrives on the rst layer of
stratum k® The crux of the algorithm is how to choosethe next path to try.

The idea is that on the rst layer of stratum k > 0, the algorithm starts
playing a Guessgame. As in the lower bound proof, path P; corresponds to
card i in the game,the on-line algorithm trying path i correspondsto the player
hiding card i, and a blocked path P; correspndsto the adversary guessingcard
i at a certain round in the game.

The di erence is that now the adversary might guess(and miss) somecards
even before any card is hidden { this corresponds to paths that are already
blocked with respect to stratum k on the rst layer of the stratum, and the
adversary might guessseeral cards at once, against a single hidden card { this
corresponds to paths that block on the samelayer. Of course, both these ma-
neuvers work to the advantage of the player.
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Notice that card i on stratum k costs at most s2Ka;. Taking into accourt
badktracking, the total cost of the on-line algorithm on stratum k is boundedby
2s2¢v([m]) where v([m]) is the value of the Guessgameon m cardswith values
ai;::i;am.

Assume that the target belongsto stratum t. Then the total cost of the
o -line algorithm is at leasts2! 1 while the total cost of the on-line algorithm is
at most

2s(1+ 2+ 111+ 2Yv([m]) < s2*?v([m]):

Hencethe competitiv e ratio is at most 8v([m]): that is, 83", a for the deter-
ministic case,and 8f ([m]) for the randomized case.

6 Application to the k server problem

The k-sener algorithm of [5] is basedon recursive calls to the MINg operation
with 2 algorithms whosecompetitiv e ratio can be divided into i groups, ead of
sizei. The competitiv e ratios of the algorithms in the samegroup are about the
samebut the ratios dier greatly amonggroups. More precisely the sum of the
competitiv e ratios of all the algorithms is dominated by the sum in one group.
Thus the averagecompetitiv e ratio is ( i) times smaller than the maximum one.
The MINg originally usedin [5] has competitiv e ratio O(m max;f a;g), while our
algorithm has competitiv e ratio O(>_{2; a;). Hence,our algorithm savesa ( i)
factor in eah recursive call and this results in a k!=2°() overall savings factor.
Unfortunately the competitiv e ratio of the modi ed algorithm is still exponertial
in k, namely O((k!)22°(k)),
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