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Abstract

Let {A1, A2, . . . , Am } be a set of on-line algorithms for a problem P with
input set I . We assume that P can be represented as a metrical task
system. Each Ai has a competitive ratio ai with respect to the optimum
off-line algorithm, but only for a subsetof the possible inputs such that the
union of these subsets covers I . Given this setup, we construct a generic
deterministic on-line algorithm and a generic randomized on-line algorithm
for P that are competitive over all possible inputs. We show that their
competitive ratios are optimal up to constant factors. Our analysis proceeds
via an amusing card game.

� DEC SystemsResearch Center, 130 Lytton Ave. Palo-Alto, CA 94301.



1 In tro duction

A commontrick of the trade in algorithm designis to combine several algorithms
using round robin execution. The basic idea is that, given a set of m algorithms
for a problem P, one can simulate them one at a time in round robin fashion
until the fastest of them solvesP on the given input. It is easily seenthat round
robin execution is optimal among deterministic combining algorithms that have
no speci�c knowledgeof the problem domain and input. (As an aside,we show in
the full versionof this paper that randomization helpsvery little in this context;
for any randomized combining scheme, and any � > 0, there is an input set
of algorithms, such that the expected cost is greater than (m � � ) times the
minimum cost, versusm times the minimum cost for round robin execution.)

For on-line algorithms the situation is more complicated: We are given a
set S = f A1; A2; : : : ; Am g of on-line algorithms (deterministic or randomized {
seebelow) for a problem P with input set I . Each algorithm A i has a known
competitiv e ratio ai with respect to the optimum o�-line algorithm, but only
for a subset of the possible inputs, such that the union of these subsetscovers
I . We assumethat P can be represented as a metrical task system (see [2]
for de�nitions). Our goal is to construct an on-line algorithm for P that is
competitiv e over all possibleinputs.

Again, we are interested in algorithms that have no speci�c knowledgeof the
problem domain and input. More precisely, let � t be the sequenceof requestsup
to time t. Let Ci (� t ) and ci (� t ) be the con�guration (respectively the cost) asso-
ciated to A i serving � t . At time t, the con�guration associated to the combining
algorithm must be one of the Ci (� t )'s. The decision to switch from Ci (� t � 1) to
Cj (� t ) can be basedonly on the valuesci (� t0) for 1 � i � m and 0 � t0 � t and
on no other domain or input speci�c information.

If the algorithms A i and the combining construction are deterministic, then
wecall the newalgorithm on-line combine and denoteit minS. If the construction
usesrandom bits, we call the algorithm randomized on-line combine, denoted
rminS. In this later casethe A i 's might be randomized as well.

Fiat et al. [3] addressedthe questionof on-line combine in a context restricted
to paging algorithms. Fiat, Rabani, and Ravid [5] consideredthe general case
and showed that constructing a minS algorithm for an arbitrary set of on-line
algorithms is equivalent to the layered graph traversal problem analyzedby Pa-
padimitriou and Yanakakis [6] and Baeza-Yates, Culberson, and Rawlins [1].
Using the results of these analyses,they obtained a minS algorithm with com-
petitiv e ratio O(m � maxi f ai g), which is optimal up to a constant factor when
all the ai 's are equal, but not in general. In this paper we completely solve
the general case,when the ai 's are arbitrary . This immediately yields a better
competitiv e ratio for the k-server algorithm of [5].

In this paper, we show that the problem of combining on-line algorithms is
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equivalent, up to a small constant factor, to �nding the value of a very simple
two-player card game1. In this game, two identical decks of cards are given to
two players. Simplifying slightly, the �rst player (corresponding to the on-line
combining algorithm) placesa card face-down on the table. The secondplayer
(the adversary) choosesa card from his hand, and turns it faceup on the table.
The �rst player then exposesthe matching card, either from her hand, in which
caseno scoreis recorded,or by showing the card on the table, in which casethe
secondplayer wins the value of the card. The pair is removed from play, and the
players play another round with the reduceddecks, until both players run out of
cards. A few variations exist, all of which turn out to be equivalent in terms of
optimal strategy: the �rst player can be required to pick the samecard to place
face down for each round until it is matched by the secondplayer, or not; the
secondplayer can be required to arrangethe order in which he will play cards in
every round beforeplay commences;onecaneven require the �rst player to select
a schedule in advance for which card she will place face down next, except for
those cards that are matched beforetheir turn comes.It turns out that optimal
play for all thesevariants results in the sametotal or expectedscorefor the second
player. In the deterministic case,the total is clearly the value of all the cards,
since the secondplayer can inspect the �rst player's strategy, and play cards in
exactly the sameorder. The randomizedcasehas the following amusing optimal
strategy for building a schedule: let each card have a probabilit y proportional to
the inverseof its value, and choosea card using that distribution. That card is
the last card in the schedule. Repeat, with the chosencard excluded, to �nd the
schedule in reverseorder.

Using this card game,we obtain the following results:

Theorem 1 Let S = f A1; A2; : : : ; Am g be a set of deterministic on-line algo-

rithms for a metrical task system P with input set I . Assume that each A i has

a competitive ratio ai with respect to the optimum off-line algorithm for a subset

of the possible inputs such that the union of these subsets covers I . Then there

exists a deterministic minS algorithm with competitive ratio O(
∑m

i=1 ai ), and no

deterministic on-line algorithm can do better in general, except for a constant

factor.

The improvement with respect to the previous bounds is relevant when the
averageof the ai 's is substantially smaller than their maximum. In particular,
our minS algorithm reducesthe competitiv e ratio of the k-server algorithm of [5]
by a factor of k!=2O(k) . (Seesection 6.)

For the randomized casewe need�rst to discussa function that will play an
important role in what follows. Let a1; a2; : : : be a sequenceof positive numbers.

1Field experiments show that 5-year olds can easily play it...
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For any set T of natural numbers we de�ne f (T) by the recurrence

f (; ) = 0

f (T) =
1 +

∑
i 2 T f (T n f ig)=ai∑

i 2 T 1=ai
; T 6= ; :

(1)

Let [m] stand for the set f 1; 2; : : : ; mg. Note that f ([m]) is a symmetric rational
function of a1; : : : ; am . In particular

f (f 1g) = a1;

f (f 1; 2g) =
a2

1 + a2
2 + a1a2

a1 + a2
;

but f (f 1; 2; 3g) has19 terms, f (f 1; 2; 3; 4g) has 390,and submissionsare limited
to 10 pages.Nevertheless,we can crudely bound f (T) by

Hm min
i 2 T

ai � f (T) � Hm max
i 2 T

ai ; (2)

wherem = jT j, and H m is the m'th harmonic number. Better but more complex
bounds will be presented in Section 3.1.

Now we can state our result for randomized on-line combine.

Theorem 2 Let S = f A1; A2; : : : ; Am g be a set of deterministic or random-

ized on-line algorithms for a metrical task system P with input set I . Assume

that each A i has a competitive ratio ai with respect to the optimum off-line al-

gorithm for a subset of the possible inputs such that the union of these subsets

covers I . Then there exists a randomized rminS algorithm with competitive ratio

O(f ([m])) , and no randomized on-line algorithm can do better in general, except

for a constant factor.

Plugging equation (2) into the theorem yields the weakupper bound O(log n �
maxi ai ) which was obtained in [4].

The remainder of the paper is as follows: in Section 2 we discussthe equiv-
alencebetweenon-line combine and layered graph traversal intro duced in [5]; in
Section3 we describe the card gamemore completely and analyzeit, discovering
that the value of the gameis the mysterious f (T) above; in sections4 and 5 we
use the game analysis to derive lower and upper bounds for the layered graph
traversal problem.

2 The layered graph tra versal problem

This problem was intro duced and analyzed in [1] and [6].
A layered graph consists exactly of m paths with a common �rst vertex s,

called the source, but otherwise vertex disjoint. Thus, the graph can be divided
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into layers L 0 = f sg; L 1; L 2; : : :, such that layer i for i > 0 consists of the m
vertices that are i edgesaway from the sourceon each path. Each edgee, has a
certain non-negative length l(e).

An on-line layered graph traversal (lgt) algorithm starts at the sourceand
moves along the edgesof the graph. Each time it moves along an edge(in any
direction), it pays a cost which is the length of the edge. Its goal is to reach a
target which is a vertex in the last layer. The lengths of the edgesbetweenlayer
L i � 1 to L i are revealedto the algorithm only when a vertex in L i � 1 is reached for
the �rst time. (The lengths do not changeover time.) The target vertex becomes
known only when the algorithm reachesa vertex in the next-to-last layer.

Observe that any lgt algorithm must advanceone layer at a time either by
continuing on its current path, or by backtracking to the sourceand choosing a
di�eren t path.

The competitiv e ratio of the on-line traversal algorithm is the worst case
ratio between the distance traveled by the on-line algorithm and the length of
the (unique) shortest path from the sourceto the target.

The optimal deterministic algorithm for this problem has competitiv e ratio
1 + 2m(1 + 1

m� 1 )m� 1 � 2em (see[6] and [1]). For randomized algorithms Fiat
et al. [4] showed that the competitiv e ratio is �(log m).

For our purposeswe need a slight generalization of this model. We assume
that each path Pi has a known associated waste factor ai . For each edgee on
Pi , the o�-line algorithm pays l(e)=ai , while the on-line algorithm pays l(e) as
before. Thus the competitiv e ratio becomesa function of a1; : : : ; am , and the
precedingmodel corresponds to a1 = a2 = � � � = am = 1.

Following [5] we show now that constructing a minS algorithm is equivalent
to an algorithm for the modi�ed lgt with the samecompetitiv e ratio.

First assumethat a (modi�ed) lgt algorithm is given. To construct a minS

algorithm, we construct a layered graph which associates a path Pi with each
algorithm A i . We set the waste factors to be the competitiv e ratios a1; : : : ; am

and simulate A1; : : : ; Am on the sequenceof requestsas follows.
When a requestis made, the minS algorithm computesthe costsof the edges

to the next layer; the cost of the edgeon Pi is the cost of serving the requestby
A i , as if A i had beencontinually simulated from the beginning.

Then, the minS algorithm appliesthe lgt algorithm in order to decidehow to
serve the request. If the lgt algorithm continueswith the current path Pi , then
minS continuesto simulate the current algorithm, A i . On the other hand, if the
lgt algorithm backtracks and movesto a vertex v (in the next layer) via another
path, Pj , then the minS algorithm switchesto the con�guration corresponding to
v, and A j becomesthe current algorithm. Sincewe assumedthat the underlying
problem is a metrical task system, the triangle inequality holds for the cost of
switching betweencon�gurations; thus the cost of minS is bounded by the cost
of lgt. Clearly then, a competitiv e lgt algorithm yields a minS algorithm with
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the samecompetitiv e ratio, or better.
Conversely, one can easily use a minS algorithm to construct an lgt algo-

rithm with the samecompetitiv e ratio: Let the metrical task system P be the
layered graph traversal, where the states correspond to vertices in the graph,
with the transition cost betweenstates equal to the total distance in the graph.
(It is readily seenthat P is well de�ned.) Let A1; A2; : : : ; Am be the m algo-
rithms that correspond to sticking to path Pi and let a1; : : : ; am be the waste
factors. Clearly, the lgt algorithm that follows minS in the obvious manner has
the samecompetitiv e ratio.

3 The Guess Game

In this section we de�ne and analyzea certain two player zero-sumgame,called
the Guess Game. Later we will use this analysis to derive upper and lower
bounds for the layered graph traversal problem.

One participant is called the player and the other is called the adversary.
Both start with the sameset of cards T = [m] = f 1; : : : ; mg. The value of card
i is ai > 0.

The game starts with the adversary putting all his cards face-down on the
table in a certain order, that he will be unable to changeduring the game. Then
the player choosesone of his cards and puts it face-down on the table. We call
this the hidden card. The adversary then turns up the �rst of his cards and
the player has to match it. If the card matches the hidden card (a hit) then
the adversary wins the value of the card, the matched pair is discarded,and the
player must pick a new card facedown. If not (a miss), then the player matches
the adversary'scard with a card from his hand and the matched pair is discarded
without further ado.2 Hence,there are m rounds. The value of the gameis the
sum of the valuesof the cards that the adversary wins.

Observe that the player pays ai if and only if he hides card i beforehe hides
any card that comesafter i in the adversary's order. In particular the player
always pays for the last card in the adversary's order.

Let's assumethat that the player selectshis algorithm �rst, and that the ad-
versary is aware of the selectionmade. If the player's algorithm is deterministic,
then the adversary's best strategy is obvious: he choosesthe order of his guesses
to be the sameorder as the hidden cardsof the player and thus he wins at every
round. Hence,the value of the gameis exactly

∑m
i=1 ai .

In the randomized casethe situation is more complicated. The player can
choose his hidden cards according to distributions that might depend on the

2Note that cheating at this game requires sleight-of-hand skills not commonly found in 5-
year olds; if neither player can surreptitiously modify the cards on the table, no cheating can
occur.
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history of the game. On the other hand, basic game theory implies that, given
the probabilit y distribution on the player strategies, there is a deterministic
strategy for the adversary, that is, a �xed order of guesses,that maximizes his
pro�t.

In order to analyze the value of the game we de�ne two other models for
players. A strong player is a player which, after each miss, is allowed to replace
the hidden card by a card which is still in his hand. This, of course,can only help
the player and does not increasehis expected cost with respect to a standard
player. A weak player is onethat choosesthe order of his hidden cardsin advance
(using random bits) and is not allowed to change this order later in the game.
More precisely, the weak player choosesan order for his cards at the beginning
of the game and then, whenever there is a hit, he replacesthe hidden card by
the lowest ordered card which has not beendiscardedyet. Clearly the expected
cost for a weak player is no lower than the expected cost for a standard player.

Let f (T) be de�ned by equation (1). Our main result in this section is

Theorem 3 The value of the game with a set of cards T is at least f (T), even

against a strong player, and is at most f (T) even against a weak player. Thus

the game value is exactly f (T) for all three types of players.

Proof: We start with the lower bound and assumea strong player. Let g(T)
be the value of the game. We have to show that g(T) � f (T) for any set T. We
use induction on the size of T. If T = f ig, then g(T) = ai = f (T) and we are
done. For the generalcase,let pj be the probabilit y that the player choosescard
j as his �rst hidden card. Now, if the adversary choosescard i to be his �rst
guess,and then choosesthe best order for the remaining cards as if the game
started with T n f ig, he can clearly guarantee, even against a strong player, an
expectedcost of at least pi ai + g(T nf ig). The adversary can choosethe i which
maximizes this expression.That implies that for all i

g(T) � pi ai + g(T n f ig);

or
g(T) � g(T n f ig)

ai
� pi :

But
∑

i pi = 1, and therefore

∑

i

g(T) � g(T n f ig)
ai

� 1

or

g(T) �
1 +

∑
i 2 T g(T n f ig)=ai∑

i 2 T 1=ai

Thus g(T) � f (T).
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We now turn to the upper bound and assumea weak player. Again the proof
is by induction on the sizeof T. The caseT = f ig is trivial. For the generalcase,
recall that a weak player hideshis cards in a �xed order. Assumethat the player
constructs his order as follows: Among all cardshe picks a card with probabilit y
inverselyproportional to its value. Let the card so chosenbe the last card in his
order. From the remaining cardshe picks again a card with probabilit y inversely
proportional to its value. Let it be the next-to-last card in his order. And so
on. (That is, if after k choices the set of remaining cards is T and i 2 T, the
probabilit y that i becomesthe m � k card in the order is (1=ai )=

∑
j 2 T 1=aj .)3

Let h(T) be the value of the gamewhen the adversary knows that the player
has chosenthis particular strategy. Let j be the card chosenby the adversary
to be last in his order. Let i be the last card of the player. Note that j is �xed,
but i is a random variable.

� If i = j , an event whoseprobabilit y is proportional to 1=aj , then the player
has to pay aj in the last round. Furthermore, the distribution usedby the
weak player with respect to the set of remaining cards (that is, T n f j g) is
exactly the sameas if he started the gamewith the set T n f j g. Hencein
this case,the player's expected cost is at most aj + h(T n f j g) even if the
adversary plays optimally on the remaining cards.

� If i 6= j , the player will never have to pay ai and again his distribution on
the remaining cards is exactly as if he started the gamewith T nf ig, sohis
cost is at most h(T n f j g).

This implies that

h(T) �
1=aj∑

i 2 T 1=ai
(aj + h(T n f aj g) +

∑
i 2 T nf j g h(T n f ig)=ai∑

i 2 T 1=ai

or

h(T) �
1 +

∑
i 2 T h(T n f ig)=ai∑

i 2 T 1=ai

That is, h(T) � f (T).
We conclude that h(T) = f (T) = g(T) and thus the value of the game is

exactly f (T) for all three typesof players. 2

3.1 Prop erties of f (T)

In this section we discusssomeof the interesting properties of f (T).
Let's return to the weak player's strategy as described in Theorem 3. Let

P(i; R) for i 2 R � T be the probabilit y that the player choosescard i the last

3Note that this strategy is not the same as choosing the sequencefrom �rst to last with
probabilities proportional to ai .
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amongthe cards in R (which meansthat, in the player's hiding order, card i will
be the �rst among the cards in R.) We claim that P(i; R) does not depend on
the valuesof the cards in T n R. Indeed, call the cards in R, red. We can think
that when the player builds his order, he �rst decides,with suitable probabilit y,
whether to pick a red card from the remaining cards, and if so, he then decides,
with suitable probabilit y, which red card to pick. Clearly the order among the
red cards dependsonly on the valuesof the red cards.

Let � 1; � 2; : : : ; � m be the adversary's order. As we have already observed,
the player pays ai if and only if he hides card i before he hides any card that
comesafter i in the adversary's order. That implies that the probabilit y that
the weak player pays a� i is exactly, P(� i ; f � i ; � i +1 ; : : : ; � m g).

But the proof of Theorem 3 implies that the weak player's strategy as de-
scribed is optimal, and therefore gametheoretical considerationsimply that the
order chosenby the adversary is irrelevant { the expected value of the game is
the same. It follows that

f ([m]) =
m∑

i

a� i P(� i ; f � i ; � i +1 ; : : : ; � m g) (3)

for any permutation � ! In particular,

f ([m]) =
m∑

i

ai P(i; f i; i + 1; : : : ; mg): (4)

In this form, it is rather hard to seethat f ([m]) is symmetric in the ai 's, since
the i 'th term in the sum dependsonly on ai ; ai +1 ; : : : ; am . We also don't know
of any direct proof that shows that (4) is a solution of (1).

Unfortunately, the alternate expressionis not computationally easier, since
P(i; R) does not seemto have a simple closedform. It can be computed with
the formula

P(i; R) =

∑
j 2 Rnf i g P(i; R n f j g)=aj∑

j 2 R 1=aj
(5)

Similar considerationslead to

Theorem 4 Let T = [m]. Without loss of generality assume that a1 � a2 �
� � � � am . Then

m∑

i =1

ai

i
�

m∑

i =1

a2
i

a1 + � � � + ai
� f (T) �

m∑

i =1

a2
i

ai + � � � + am
�

m∑

i =1

am+1 � i

i
:

Proof: Omitted. 2
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4 The lower bound

Let r be an arbitrary positive number. Given a1; : : : ; am , we show that an adver-
sary can construct a layered graph such that the cost of the o�-line (modi�ed)
lgt algorithm is r while the cost of any on-line lgt is at least r v([m]), where
v([m]) is the value of the Guessgameon m cards with valuesa1; : : : ; am . (If the
on-line lgt algorithm is deterministic (resp. randomized) then so is the player;
and the value of v([m]) changesaccordingly: v([m]) =

∑m
1 ai in the deterministic

caseand v([m]) = f ([m]) in the randomized case.)
The graph consists of m paths and m + 1 layers. Each path starts with

an edgewith �nite positive length, followed by a number of zero length edges,
followed by a (practically) in�nite length edge,except for the path to the target,
which doesnot contain the in�nite edge. Path Pi starts with an edgewith length
r ai and haswastefactor ai . Each path hasits in�nite edgestarting on a di�eren t
layer, and for j = 1; : : : ; m � 1, every layer L j has an in�nite edgeout.

Thus, the on-line algorithm has no reasonto visit the samepath twice, and
whenever it paid the �rst edgeon the path, it can be presumedthat it will not
backtrack before reaching the in�nite edge,or the target, since it costsnothing
to advanceand return on the zero length edges.

Path Pi corresponds to card i in the game. The on-line algorithm starting
path i corresponds to the player hiding card i . An in�nite edgeon Pi between
layer j and j + 1 corresponds to the adversary guessingcard i at round j in the
game. With thesecorrespondences,it can be easily veri�ed (seethe examplebe-
low) that a (randomized) strategy for the lgt algorithm immediately translates
into a strategy for the (randomized) standard player in the Guessgame.

Given the player's strategy, the adversary starts by choosing an order on the
paths corresponding to his optimal order of guessesin the Guessgame. Let this
order be � 1; � 2; : : : ; � m . The adversary completesthe construction as follows:

� The target is on path � m at layer m.

� For i = 1; : : : ; m � 1 the path � i gets its in�nite edgebetweenlayers i and
i + 1.

For instance if the algorithm starts on path � 3 then it pays r a� 3 but will not
pay the �rst edgeson � 1 and � 2. This corresponds exactly to the player in the
Guessgamethat hides � 3 at the �rst turn, and hencepays a� 3 but doesnot pay
a� 1 or a� 2 .

Clearly the cost of the lgt algorithm is at least r times greater than the
cost of the player. (\A t least" becausethe lgt algorithm also pays on the way
back to source.) Hencewe conclude that the cost of the on-line lgt algorithm
is at least r v([m]) while the cost of the o�-line algorithm is only r . (The path
to the target has length r am and waste factor am .) This concludesthe proof of
the lower bound.
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5 The upp er bound

In the full paper, we present the complete proof of the theorem for arbitrary
algorithms. The following proof assumesthat the algorithms A 1; : : : ; Am are
deterministic. The randomized proof is quite similar, but it requires a lot of
summing and averaging, which obscuresthe essential ideas.

We are given a layered graph traversal problem: the graph consists of m
paths P1; : : : ; Pm with waste factors a1; : : : ; am . We show how to construct an
lgt algorithm using a strategy for the Guessgame.

Let l i;j be the distance from the source to layer j on path Pi . Let sj =
min i l i;j =ai , that is, sj is the minimum cost that the o�-line algorithm must pay
to get to layer j . Let j 0 be the minimum j such that sj > 0. Let s = sj 0.

We now partition the layers into strata. All layers j such that

s2k� 1 � sj < s2k ;

belong to stratum k. All layers j with j < j 0 belong to stratum 0.
Considera layer j in stratum k. If l i;j =ai > s2k call path i blocked at j . Notice

that on each layer there must besomepath which is not blocked. (If all the paths
have l i;j =ai > s2k then we just started a new stratum, and the \blo cked" notion
is rede�ned.) For stratum 0 we call a path blocked if l i;j =aj > 0.

Now we are ready to describe the on-line lgt algorithm. For stratum 0,
the algorithm follows a 0-length path until it blocks, then switchesarbitrarily to
another 0-length path, and so on, until all paths have strictly positive lengths
and stratum 1 starts. Notice that in general, once the algorithm has reached
layer j � 1, it can compute sj at no cost.

Once it gets to the �rst layer of stratum k, the on-line algorithm gets to the
�rst layer of the next non-empty stratum k0 this way: it follows a path until
it blocks (with respect to stratum k), then it returns to the sourceand follows
another path not yet blocked, and so on, until it arrives on the �rst layer of
stratum k0. The crux of the algorithm is how to choosethe next path to try .

The idea is that on the �rst layer of stratum k > 0, the algorithm starts
playing a Guessgame. As in the lower bound proof, path Pi corresponds to
card i in the game,the on-line algorithm trying path i corresponds to the player
hiding card i , and a blocked path Pi corresponds to the adversary guessingcard
i at a certain round in the game.

The di�erence is that now the adversary might guess(and miss) somecards
even before any card is hidden { this corresponds to paths that are already
blocked with respect to stratum k on the �rst layer of the stratum, and the
adversary might guessseveral cards at once,against a single hidden card { this
corresponds to paths that block on the samelayer. Of course,both these ma-
neuvers work to the advantage of the player.
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Notice that card i on stratum k costs at most s2kai . Taking into account
backtracking, the total cost of the on-line algorithm on stratum k is boundedby
2s2kv([m]) where v([m]) is the value of the Guessgameon m cards with values
a1; : : : ; am .

Assume that the target belongs to stratum t. Then the total cost of the
o�-line algorithm is at least s2t � 1 while the total cost of the on-line algorithm is
at most

2s(1 + 2 + : : : + 2t )v([m]) < s2t+2 v([m]):

Hencethe competitiv e ratio is at most 8v([m]): that is, 8
∑m

i=1 ai for the deter-
ministic case,and 8f ([m]) for the randomized case.

6 Application to the k server problem

The k-server algorithm of [5] is basedon recursive calls to the minS operation
with i 2 algorithms whosecompetitiv e ratio can be divided into i groups, each of
sizei . The competitiv e ratios of the algorithms in the samegroup are about the
samebut the ratios di�er greatly among groups. More precisely, the sum of the
competitiv e ratios of all the algorithms is dominated by the sum in one group.
Thus the averagecompetitiv e ratio is �( i ) times smaller than the maximum one.
The minS originally usedin [5] has competitiv e ratio O(m � maxi f ai g), while our
algorithm has competitiv e ratio O(

∑m
i=1 ai ). Hence,our algorithm saves a �( i )

factor in each recursive call and this results in a k!=2O(k) overall savings factor.
Unfortunately the competitiv e ratio of the modi�ed algorithm is still exponential
in k, namely O((k!)22O(k)).
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